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The Euler characteristics and Weyl's curvature invariants of submanifolds in spheres
By Toru ISHIHARA (Received Feb. 25, 1985) (Revised ,Aug. 30, 1985) § 1. Introduction.
Let Sn be a unit n-sphere in Rn+1 Let Mp be a compact orientable p-dimensional Riemannian manifold which is imbedded in Stm. Let X(M) be the Euler characteristics of M'p and r(M) be the total curvature of Mp. One of Teuf el's main results in [8] can be stated as follows.
(1.1) X(M) = r(M)+_1 X(Mp(1 Rn-1)~n-1, n+1 for 3<p, C n-1, n+1 Gn-1, n+1
where Gn-1, n+1 is the oriented Grassmann manifold of all oriented (n-)-dimensional linear subspaces of Rn+1, Cn_1, n+1 its volume and its standard volume element. Denote by V (M) the volume of Mp. We can show (Theorem 4in §4) (1.2) X(M2) = r(M2)+ 1 V(M2) . 2~r
In 1939, Weyl [10] found the formula for the volume of a tube of radius r about M2'. The coefficients in the power series expansion of the volume are expressed by the curvature invariants ke(Mp) (e even, 0<ep) (see (2.1)), which depend on the intrinsic geometry of Mp. Notice that ko(Mp)=V(Mp). Let De(M) (1_<e<_ p) be the a-th total mean curvature of Mp (see (2.2) We will show the following linear kinematic formula in Sn (Theorem 1).
(
where Cq+i, n+1 is the volume of the oriented Grassmann manifold Gq+i, n+1• In this paper, using (1.1), (1.2) and (1.5), we will prove THEOREM, Let M be a compact oriented 2p-dimensional manifold which is imbedded in a unit sphere Sn. Then, we have
Since we have (1.3) and (1.4), k2p_2k(M) in the above formula are replaced by r2p_2k(M) or a2p_2k(M). For example, we have
(ii) When p is odd, it follows that Tp(Mp) =r . 2(MpnRn-1) = ... = zi(MpnRn_p+21=0.
Hence applying Teufel's formula (1.1), we get
In general, M pn Rn _ p+2 is a 1-dimensional compact manifold without boundary and it holds X(MpnRn-p+2)=0. Thus we obtain X(M)=O. But it is well known that the Euler characteristic of a compact odd dimensional manifold without boundary is zero. § 2. The kinematic formula in Sn.
Let M be a p-dimensional submanifold in Sn. We orthonormal frames e0, e in Rn+1 such that for ep(x) are tangent to M. We shall make use vention on the range of indices unless otherwise stated ; We restrict these forms to M and denote them by the same symbols. On M, it holds wa=0. This implies that 0=dwa=-iwinwia• Thus we obtain wi« -haijwj, haij= haji• j
The structure equations of M are given as follows dwi -~wjn(l1ji, dwij = jwikAwkj-2 kj Kijklwknwl.
Put Hijkl-Ea(haikhajl-h«ilh«jk)• Then we get Hijkl -Kijkl-(Uik*3jl-Uilojk), which we call the modified curvature tensor of M. For e even and 0 _< e <_ p, Weyl's curvature invariants ke(M) are defined as follows.
where dM is the volume element of M and ?'' • • ' ae e is equal to +1 (--1) according as (i1, , i e) is an even (odd) permutation of (j 1, , je) respectively, and is otherwise zero. We may define Chern's curvature invariants pe(M) by(1.4).
Let y=~ayaea be a vector normal to M. Then we define the e-th mean curvature Ke(y) of M by det(oij+thij(y)) = n Ke(y)te, Let Mp and Mq be compact submanif olds of dimensions p, q in Sn respectively. Let G be the group of motions in Sn, that is, G=S0(n-F1).
By gMq, we mean the submanif old obtained from Mq by a transformation g e G. Then Mp and gMq generally intersect in a submanif old of dimension p + q-n. The kinematic density in Sn is given (see, for example, [6]) by dg= n Wo~nwfk= A WIAOJk, ti, f<k i, j<k
Since the following kinematic formula is shown by the same argument in § 3 - § 6 in [2], we describe the result only.
where De1 are constants depending on n, p, q, e, 1, and e is an even integer satisfying 0<ep+q--n.
In this paper, unfortunately we can not decide constant Del. But in a particular case, we will determine them and get the linear kinematic formula.
This will be achieved in § 3. § 3. The linear kinematic formula in Sn.
In this section, we assume that Mq=SnnRq+1, where Rq+1 is a (q+1)-plane through the origin in Rn+1. The kinematic density dg has an expression
where dg1i dg2 and Qq+1, n+1 are the volume elements of SO(q+l), SO(n-q) and Gq+~, n+1 respectively. From the definition, it follows that p(S)=O for 2 < e _< p + q-n. Since the volume of S0(n + 1) is equal to 0 n+14 n • 02i using (3.1), we get from (2.3)
where Ee=Dee/(Oq+1 ... °2°n-q ... 02)• In this section, we take an arbitrary a with 0<_a <_1 and put Rp+2_ {x-(x0, x1, xn) i xp+2= =xn=0}, Rp+1={xERp+2 xp+1 =Q} and Sa= Sn+1nRp+1.
Let fo, ..
•, f n be the standard base of Rn+1. Take local frame fields eo, •••, en in Sa such that for x Sa, e0(x)=x, a p+1(x) = (1/s/1_a2)(fp+1-aeo), e+2(x)=f+2, •••, en(x)=fn and e1(x), ... , ep(x) are tangent to Sa. We will use the same notations as in § 2. Then the coefficients of the second fundamental form of M=Sa in Sn are given by hp+ii; = a 2Vij, haij = 0 for p+2<a<_n.
Hence the modified curvature tensor of M has the expression a2 Hi;kl = 1 -a2 (ojl-oil) Thus we have (3.3)e(Sa) = Op+1ae(1_a2)(p-e)12.
Let R4+i be moving (q+1)-dimensional linear subspaces in Rn+i For each Rq+1' Rp+i and Rq+1 intersect in a (p+q-n+1)-dimensional linear subspace which we denote by Rk+i' where k=p+q-n.
Put Sk=Rk+lnSn=SanRq+i• Let 0' and 0" be the centers of Sa and Sk respectively. Let t be the distance of 0" from 0'. Then the distance of 0" from the origin 0 is equal to ~/ a2+t2, and the radius of the sphere Sk is /1i2-t2.
Thus we have J~e(SanRq+i) = fie(Sk) = Ok+i(a2+t2)e/2(b2_t2)(k-e)/2, where k= p+q-n, t= the distance of 0" from 0', and b=~/1-a2. Let n : Gq+i, n+i-+Gk+2, p+2 be a projection defined by ~c(Rq+1)=Rk+2, where we put Rk+2=Rq+ifRP+2• Then the above integral invariants pe(SafRq+1) are constant on each fibre 2r-1(Rk+2) of the projection 'r. Hence we obtain (3.4) 1e(SanRq+1)Qq+i, n+i Now we may consider that Sa is a sphere in Rp+2 and that Rk+1 are moving linear subspaces in Rp+2. Let t and x be the vectors from 0' to 0" and 0 to 0" respectively. Put Rk+1=Rp+1nRk+z. We choose two local orthonormal frame fields {eo, , ep+1} and {fo, ••• , fp+1} such that {eo, e1, , ek+1} is a base of Rk+2 and eo = x/llxli, e1 = f1, ek+1 = fk+1, Using (3.5), we can express Qk+2,p+2 as Qk+2, p+2 ± ak+2(a2+t2)-(p+2)J2tp-k-idtAQk+i, pndSp, where Q k+1 , p=n(f, u, dfZ) is the volume element of Gk+1, p and dSp= n(fi, dfo)A(fu, dfo) is the volume element of a unit sphere in Rp+i. Thus we get
where b= 1-a2. Now put t=absi/2/V/1-b2s, s>_O, we have
Taking account of B(u, v)=P(u)P(v)/P(u+v), we get from (3.2), (3.4), (3.6) and (3.7)
Thus we have proved THEOREM 1. Let Mp be a compact oriented submanif old in Sn. For an even integer e with 0<e<p, let p2(M) be Chern's curvature invariants given by (1.4). Then we have the formula (1.5).
Since we have (1.3) and (1.4), we can write (1.5) as follows. COROLLARY 2. Under the same assumption as Theorem 1, we have
The Euler characteristic of a compact 2-dimensional submanif old in Sn.
In this section, we treat a 2-dimensional submanifold M in S's. For L=Rn-1E Gn_1, n+1, let R2 be the orthogonal complement of L=Rn-1. Following Teufel [7] , we define a level function hL: Sn-L->S1=SnnR2 by hL(x)= (x n L)nS1nS+, x E Sn-L, where x A L is the n-dimensional linear subspace spanned by x and L, and S+ is the hemisphere of Sn which contains the point x. We denote by hM the restriction of hL to M. Then it is defined on M-L. Let /3k(h) be the number of critical points of index k of hL. Put
In general, M and L are transversal in Rn+1. In this case MnL is a finite set of points in Rn+1 We set MnL={P1, •••, Pl}. Denote by #(MnL) the number of points in MnL, that is, # (MnL)=l. We will prove LEMMA 3. Assume that M and L are transversal in Rn+1, and that hi has no degenerate critical point. Then it holds
PROOF. We will show that there is a neighborhood V of Mn L and a vector field X on M such that X=grad hL on M-V, points of MnL are zeros of X and there is no other zero of X in V. Take a point P1 of Mn L = {P1, •, P1}, We may assume that R2={(0, x1, x2, 0, ••, 0), x1, x2 R} and P1=(1, 0,•, , 0). Since for x=(x0, x1,", .xn)Esn, hL(x)-(0, x1, x2, 0,•••, 0)ES1, to consider hL as a function, we may assume that it is represented as hL(x)= tan~1(x2/x1). As M and L are transversal, we can take a local coordinate neighborhood U of P1 in M U = {(f 0(u1, u2), f 1(u1, u2), ... , f n(ul, u2)) = f (u1, u2), ul+u2 <~} such that f(0, 0)=p1=(1, 0, •.. , 0), f 1(u1, u2)=u1, f 2(u1, u2)-u2 and Un {P2i •••, P1} _0. Moreover we may assume of (0 0 Put h=hM=tan-1(u2/u1). With respect to the local coordinate (u1, u2), grad h is written locally as (4.2) grad h = 'ti; ah a 1 ,; g aui au; -u2+O(u3) a + u1+O(u3) a _ u;+u2 au1 ui+u2 au2
For a sufficiently small positive £, let a and b be constants with 0 < a < b < ~. Then we can construct a C°° function 2 on R2 which satisfies ui+u2 for ui+u2<a, 2( u1, u2) = 1 for b<ui+u2<s. Now we set _ J 2(u1, u2)grad hM on U,
Then X1 is a vector field on M-{P2, P3, • • • , P1} and the zeros of X1 are those of grad hM and P1. Since we have (4.2), by an easy calculation, we can show that P1 is a zero of index 1 of X1 (see, for example, pp. 132-136 in [3] ).
In the above method, we can construct a vector field X on M whose zeros are those of grad hM and {P1i , P1}. Moreover, each Pk (1 _< k <_ l) is a zero of index 1 of X. Thus the desired result follows from the Poincare-Hopf index theorem.
Q.E.D.
Teuf el proved in [7] z(M) = 1 "(h Rn-1)bGn-1, n+1 C rc-1, n+1 Gn-1, n+1
Combining this with (4.1), we obtain THEOREM 4. Let M be a compact oriented 2-dimensional submani f old in Sn. Denote by #(MnRT-1) the number of points in MnRn-1. Then we have
To get the second equation in the above theorem, we need the following integral formula (see the formula (14.70) in [6] ).
LEMMA 5 (L. A. Santalo).
Let Mp be a compact p-dimensional Riemannian submanif old in Sn. Let Ok be the volume of Sk-1. Then we have
p On-p+iOn-p "' 02 § 5. Proof of the main theorem.
Our preparations are complete. We will prove the theorem stated in § 1. Let M be a compact oriented 2p-dimensional submanifold in Sn. Applying Teufel's formula (1.1) to a submanifold MfRn-1 in Sn-2, we get X MnRn-1 = r2 -2 MnRn-i +1 X MnRn-i nRn-3 Q _ -• ( ) p ( ) C n-3, n-1 (( ) ) n 3, n 1
In this section, we omit domains of integration. Using (3.8) and Lemma 5, from (5.3) we obtain (1.7), from which the desired formula (1.6) follows.
